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Lesson 1: Divisibility & Primes

Prime Factoring

Prime factoring is a fundamental concept in number properties, especially when dealing with divisibility, least common
multiple (LCM), greatest common factor (GCF), and identifying perfect squares or cubes.

Evaluating Divisibility:

e To determine if one number is divisible by another, prime factor both numbers.
e [f all prime factors in the denominator can be cancelled out by prime factors in the numerator, then the division results

in an integer.
e Extensive long division is generally not needed; prime factoring provides a more efficient approach.

Finding the GCF (Greatest Common Factor):

e The GCF is the largest number that divides evenly into all numbers in a set.
e To find the GCF using prime factoring:
e Prime factor all numbers in the set.
e |dentify the prime factors that are shared by all numbers.
e For each shared prime factor, take the lowest power that appears in any of the numbers' prime factorizations.
e Multiply these shared prime factors (with their lowest powers) to get the GCF.

Example:

GCF of 24 (2x2x2x3), 36 (2x2x3x3), and 90 (2x3x3x5) is 2x3 = 6.

Finding the LCM (Least Common Multiple):

e The LCM is the smallest number that all numbers in a set divide evenly into.
e To find the LCM using prime factoring:

e Prime factor all numbers in the set.
e For each unique prime factor present in any of the numbers' prime factorizations, take the highest power that

appears.
e Multiply these unique prime factors (with their highest powers) to get the LCM.

Example:

LCM of 10 (2x5), 12 (2x2x3), and 16 (2x2x2x2) is 2x2x2x2x3x5 = 240.
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Prime Factoring and Perfect Squares/Cubes:

e Perfect Square: A number that is the square of an integer.
e \When a number is squared, its prime factors are also squared.
e Therefore, all unique prime factors of a perfect square will always have an even exponent in its prime

factorization

Example:

1764=22 x 32 x 72 (all exponents are even).

e Perfect Cube: A number that is the cube of an integer.
e \When a number is cubed, its prime factors are also cubed.
e Therefore, all unique prime factors of a perfect cube will always have an exponent that is a multiple of three in its

prime factorization.

Example:

216=23 x 33 (all exponents are multiples of three).

Confusing Divisibility Language (Translations):

e "If x is a positive integer, what is the greatest value of x such that /x is a factor of y?"

e Translation: How many 7s do we find if we prime factor y?
e "If n and p are both positive integers and 450n =y, what is the smallest value of n such that y is the cube of an

integer?”
e Translation: What primes does n need to contain to turn 450 into a perfect cube? (Remember: perfect cube
means all unique prime factors occur in groups of three).
e "|f bxis a factor of 125 but bx+1is not a factor of 125, what is the greatest possible value of x?"
e Translation: How many bs do we find if we prime factor 1257
e "If gis equal to the product of all the integers from 1 to k, what is the smallest value of k such that g is a multiple of

3507"
e Translation: What is the smallest value of k such that the product of all numbers from 1 to k contains the

prime factors of 350 (2x5x5bx7)?

Remainders

Remainder questions deal with situations where division does not work out evenly. They are distinct from prime

factoring questions.

Creating a Remainder List:

e |f a question states that "when x is divided by D, the remainder is R," then possible values for x can be found by

adding R to multiples of D.
e Example: If when x is divided by b the remainder is 3, possible values for x are 3, 8, 13, 18, 23... (O is a multiple of

every integer).
e The possible remainders when dividing by an integer D are all non-negative integers less than D (i.e., 0, 1, 2, ..., D-1).
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Same Remainder Shortcut:

e |f a number x gives the same remainder R when divided by two different values, D1 and D2, then x is R more than a

common multiple of D1 and D2.
e To find such values, find common multiples of D1 and D2 (often starting with their LCM), and then add R.
e Example: If when x is divided by b the remainder is 3, and when x is divided by 7 the remainder is 3:
e Common multiples of 5 and 7 are 35, 70, 105...
e Possible values of x are 35+3=38, 70+3=/3, 105+3=108...

Fraction-Decimal-Remainder Equations (FDR):

e This concept connects three ways to represent uneven division:
a. Remainder Form: Number divided by Divisor = Quotient remainder Remainder (e.g., 12 divided by 5 = 2 remainder 2).

b. Fraction Form: Number divided by Divisor = Quotient + Fraction (e.g., 12 divided by 5=22/s.
e Formula 1: Remainder / Divisor = Fraction

c. Decimal Form: Number divided by Divisor = Decimal (e.g., 12 divided by 5 = 2.4).
e Formula 2: Remainder / Divisor = Decimal

e Fraction-Decimal-Remainder Equation
a. Decimal Leftover = Remainder/Divisor

b. Fraction Leftover=Remainder/Divisor
e These formulas are essentially the same, as the fraction and decimal represent the same leftover portion of the division.

e These equations are useful for problems that involve converting between remainder, fraction, or decimal representations

of division.

Lesson 2: Digits & Decimals

The GMAT tests digits and decimals in four main ways.

Moving Decimal

e Concept: Multiplying or dividing a number by a power of 10 simply moves the decimal right or left.
e Guidelines:

a. Multiplying by 10(pesitiveinteger) moyes the decimal RIGHT.

b. Multiplying by 10(regative integen) moyes the decimal LEFT.

c. Dividing by 1Q(pesitiveinteger) mayes the decimal LEFT.

d. Dividing by 10Q(nregativeinteger) moyes the decimal RIGHT.

Terminating vs. Non-Terminating Decimals

e Definition:
e Terminating Decimal: Has a defined number of decimal places (e.g., 0.12345).
¢ Non-Terminating Decimal: Has an infinite number of decimal places (e.g., 0.33).
e Rule: A fully reduced fraction converts to a terminating decimal if and only if the only prime factors in its denominator
are 2s and/or 5s. If the denominator contains any other prime factors, it converts to a non-terminating decimal. This is
because we use a base-10 number system, and 2 and 5 are the only primes that divide evenly into 10

Reversing Digits

e Concept: These questions typically involve two unknown positive two-digit integers that have the same digits in

reverse order.
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e Algebraic Representation: If a two-digit number has 'a' in the tens digit and 'b' in the units digit (represented as
'ab'), its algebraic form is 10a + b.
e |f the reversed number is 'ba’, its algebraic form is 10b + a.

e Useful Trick:
e The sum of two 2-digit numbers with the same digits in reverse order will always be divisible by 11.
e The difference of two 2-digit numbers with the same digits in reverse order will always be divisible by 9.

Units Digit Pattern

e Concept: When a number is raised to a consecutive set of powers, there will always be a repeating pattern in the
units digit of those values.
e Key Points:
e Only the units digit of the base number matters when determining the units digit pattern.
I. Ex: the pattern is the same with a base of 3 and with a base of 13 because the units digit is the same in each
case
e These patterns do not need to be memorized; they can be easily figured out by focusing on the units digits of the
multiplication.
e The GMAT frequently tests units digit patterns for 2 and 3 due to their more complex patterns.

Example (units digit pattern for 3):

o 31=3

e 32=9

33=27 (units digit 7)

34=81 (units digit 1)

The pattern for the units digit of powers of 3is 3,9, 7, 1.
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